The Modular Isomorphism Problem for two generated groups of class two by Broche, Osnel & del Río, Ángel
ar
X
iv
:2
00
3.
13
28
1v
2 
 [m
ath
.G
R]
  4
 A
pr
 20
20
THE MODULAR ISOMORPHISM PROBLEM FOR TWO
GENERATED GROUPS OF CLASS TWO
OSNEL BROCHE AND A´NGEL DEL RI´O
Abstract. We prove that if G is finite 2-generated p-group of nilpotence
class at most 2 then the group algebra of G with coefficients in the field with
p elements determines G up to isomorphisms.
Let G be a finite p-group and let Fp be the field with p elements. A long stand-
ing question is whether the group algebra FpG determines G up to isomorphisms.
Formally it is the following problem:
Modular Isomorphism Problem (MIP).
Does FpG ∼= FpH implies G ∼= H for G and H finite p-groups?
Positive solutions for (MIP) has only been proved under strong conditions. For
example, it has been verified for groups of order pn with n ≤ 5 [Pas65, Mak76,
San85, San89], and, using computers it has been verified for groups of order 2n
with n ≤ 9 and 36 [Wur90, Wur93, BKRW99, Eic08, EK11] (see also the computer
free treatement for groups of order 26 in [HS06]). The (MIP) has also been proved
for abelian [Des56, Col64] and metacyclic groups [Bag88, San96]. Other results on
the Modular Isomorphism Problem can be found in the introductory lists in [BK07]
and [HS06].
The Modular Isomorphism Problem is still open for groups of class 2 except
in very restricted situations. For example, it has been proven for these groups in
case the commutator is elementary abelian [San85, Theorem 6.25] or the center has
index p2 [Dre89]. At least it is known that if FpG ∼= FpH and G is a p-group of
class 2 then so is H [BK07] and if G is n-generated then so is H . The aim of this
paper is to prove (MIP) for 2-generated groups of class 2. Formally we prove the
following result:
Theorem 1. Let G be and H be finite p-groups such that FpG ∼= FpH. If G is
2-generated group of class at most 2 then G ∼= H.
The basic idea consists in proving that the modular group algebra of a group
satisfying the hypothesis of the theorem determines a 5-tuple of integers which in
turn determines the group up to isomorphism. The 5-tuples belong to a certain
set A so that there is a one-to-one correspondence between A and the isomorphism
classes of 2-generated groups of class 2. That the set of isomorphism classes of
such groups is in one-to-one with a certain set A′ of 5-tuples of integers is already
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in the literature [AMM12]. However the set A′ in this reference does not adapt
to our purposes. Figure 1 compares visually the sets A, in this paper, and A′,
in [AMM12]. Well known results on the (MIP) readily imply that the first four
entries in an element of A are determined by the group algebra. To prove the same
for the fifth entry some additional arguments are needed using the Jenning series
[Jen41, Seh78] and the “kernel sizes” [Pas65]. Actually the Jenning series suffices
to determine the fifth entry in case p is odd. However, this does not hold for p = 2.
The red point only if p = 2 and m = n1.
The green points only if p 6= 2 or m < n1.
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Figure 1. The left picture represents the pairs (s1, s2) satisfying
the conditions (A1)-(A4) in Proposition 2 for a given prime p and
positive integers m ≤ n2 ≤ n1. (i.e. (m,n1, n2, s1, s2) ∈ A). The
right picture represents the corresponding pairs for the parame-
ters in [AMM12] (i.e. (m,n1, n2, s1, s2) ∈ A
′). Actually, in these
pictures m = 10 and n1 − n2 = 6.
We start introducing the basic notation which is mostly standard. We denote
by Cn the cyclic group of order n. The order, exponent and derived subgroup
of a group are denoted |G|, Exp(G) and G′ respectively. The order of a group
element g is denoted |g| and if h is another group element of the same group then
[g, h] = g−1h−1gh. We use bar notation in a group G for reduction modulo G′.
If p is a prime integer then vp denotes the p-adic valuation in Z, i.e. for every
positive integer n, vp(n) is the maximum non-negative integer k with p
k | n.
We consider the groups given by the following presentation for non-negative
integers m,n1, n2, s1, s2:
Gs1,s2m,n1,n2 =
〈
b1, b2 | [b2, b1]
pm = [bi, [b2, b1]] = 1, b
pni
i = [b2, b1]
psi , (i = 1, 2)
〉
.
Every finite 2-generated p-group of class 2 with |G′| = pm and G/G′ ∼= Cpn1 ×Cpn2
is isomorphic to Gs1,s2m,n1,n2 for some s1 and s2. However different five tuples defines
isomorphic groups of this type and the group given by the above presentation might
not satisfy one of the two conditions |G′| = pm or G/G′ ∼= Cpn1 × Cpn2 . To avoid
this we only use five tuples satisfying some conditions. This is the goal of the
following proposition.
Proposition 2. Let p be a prime integer and let A be the set formed by the tuples
of integers (m,n1, n2, s1, s2) satisfying the following conditions (see Figure 1):
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(A1) 0 < m, 0 ≤ s1, s2 ≤ m ≤ n2 ≤ n1,
(A2) n1 − s1 ≥ n2 − s2,
(A3) if p = 2 then s1 < n1.
(A4) either s1 ≥ s2 or p = 2 and n1 = n2 = m = s2 = s1 + 1.
Then every finite 2-generated p-group of class 2 is isomorphic to Gs1,s2m,n1,n2 for a
unique element (m,n1, n2, s1, s2) ∈ A.
More precisely, if G is a finite p-group of class 2 then the following conditions
are equivalente:
(1) G ∼= Gs1,s2m,n1,n2 with (m,n1, n2, s1, s2) ∈ A.
(2) |G′| = pm, G/G′ ∼= Cpn1×Cpn2 with 0 < n2 ≤ n1 and (p
m+n1−s1 , pm+n2−s2)
is the maximum with respect to the lexicographical order in the following set:
{(|g1|, |g2|) : G/G
′ = 〈g1〉 × 〈g2〉 , for gi ∈ G, with |gi| = p
ni (i = 1, 2)}.
Proof. We fixG a finite p-group of class 2. AsG′ is central in G, for every x, y, z ∈ G
and every positive integer n we have
[xy, z] = [x, z][y, z], [x, yz] = [x, y][x, z] and (xy)n = [y, x]
n(n−1)
2 xnyn.
We will use these formulas without specific mention. Moreover, by the Burnside
Basis Theorem [Rob82, 5.3.2] condition (2) implies that G is 2-generated. Clearly,
if condition (1) holds then G is 2-generated and hence, in the remainder of the
proof, we assume that G is 2-generated. The first statement of the proposition is
an obvious consequence of the second, so we only have to prove that conditions (1)
and (2) are equivalent.
We first prove that (2) implies (1). So we suppose that |G′| = pm, G/G′ ∼= Cpn1×
Cpn2 with n1 ≥ n2, and (p
o1 , po2) = (pm+n1−s1 , pm+n2−s2) is the maximum with
respect to the lexicographical order in the following set {(|g1|, |g2|) : (g1, g2) ∈ G},
where
(1) G = {(g1, g2) ∈ G×G : G/G
′ = 〈g1〉 × 〈g2〉 and |gi| = p
ni (i = 1, 2)}.
Observe that since G is not abelian and G′ is central we have m > 0 and G/G′ is
2-generated but not cyclic.
We will prove that (m,n1, n2, s1, s2) ∈ A and G ∼= G
s1,s2
m,n1,n2
. First of all, if
(g1, g2) ∈ G then [g2, g1]
pn2 = [gp
n2
2 , g1] = 1 and G
′ = 〈[g2, g1]〉. Thus m ≤ n2 ≤ n1.
We will use several times that if (g1, g2) ∈ G and t is an integer then
• (g1g
t
2, g2) ∈ G,
• if p ∤ t then (gt1, g2) ∈ G and (g1, g
t
2) ∈ G,
• if pn1−n2 | t then (g1, g
t
1g2) ∈ G and
• if n1 = n2 then (g2, g1) ∈ G.
Let
B = {(b1, b2) ∈ G : |bi| = p
oi (i = 1, 2)}.
Fix (b1, b2) ∈ B and set a = [b2, b1]. Then b
pni
i = a
ti for a unique integer ti
with 1 ≤ ti ≤ p
m. Then |bi| = p
m+ni−vp(ti) and therefore si = vp(ti). Therefore
0 ≤ si ≤ m. This proves (A1).
As (b1b2, b2) ∈ G, by the maximality of (o1, o2) we have
1 = (b1b2)
po1 = a
po1 (po1−1)
2 bp
o1
j .
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We claim that a
po1 (po1−1)
2 = 1. Otherwise, as, m ≤ n2 ≤ n1 ≤ o1, necessarily p = 2
and o1 = m. Thus n1 = n2 = m and hence (b2, b1) ∈ G. Using the maximality of
(o1, o2) we deduce that o1 ≥ o2. Hence b
po1
2 = 1 and so a
po1 (po1−1)
2 = 1, as desired.
We conclude that n1 − s1 = o1 −m ≥ o2 −m = n2 − s2. Moreover, if p = 2 then
m+ n1 − s1 = o1 > m, i.e. s1 < n1. This proves (A2) and (A3).
In order to prove (A4) we assume that s1 < s2. We have to show that p = 2,
n1 = n2 = m = s2 and s1 = m − 1. We have o2 + n1 − n2 = m + n1 − s2 <
m + n1 − s1 = o1 and hence b
po2+n1−n2
1 6= 1. Moreover, (b1, b
pn1−n2
1 b2) ∈ G and
hence, from the maximality of (o1, o2) we have
1 = (bp
n1−n2
1 b2)
po2 = ap
n1−n2 p
o2 (po2−1)
2 bp
o2+n1−n2
1 .
Thus ap
n1−n2 p
o2 (po2−1)
2 6= 1. By (A1), we have m ≤ n2 ≤ o2 and hence p = 2 and
n1 = n2 = o2 = m. Therefore s2 = m and a
2m−1(2m−1) = b2
o2
1 = a
2m−1 . Thus
o1 = o2+1 = m+1 and therefore s1 = m− 1. This finishes the proof of (A1)-(A4).
We now prove that we may take (b1, b2) ∈ B so that b
pni
i = [b2, b1]
psi for i = 1, 2.
Indeed, first write ti = uip
si and take ci = b
ui
i . As si = vp(ti) we have p ∤ ui and
hence (c1, c2) ∈ B and c
pni
i = a
psi . However, now [c2, c1] = a
u1u2 . Let q be an
integer such that qu1u2 ≡ 1 mod p
m and take Bi = c
q
i for i = 1, 2. Then
[B2, B1] = [c2, c1]
q2 = aq
2u1u2 = aq
and
Bp
ni
i = a
qpsi = [B2, B1]
psi .
So replacing (b1, b2) by (B1, B2) we have the desired conclusion.
Therefore B contains an element (b1, b2) satisfying the relations in the presenta-
tion of Gs1,s2m,n1,n2 . Thus G is an epimorphic image of G
s1,s2
m,n1,n2
. As |G| = pm+n1+n2 ≤
|Gs1,s2m,n1,n2 | we deduce that G
∼= Gs1,s2m,n1,n2 . This finishes the proof of (2) implies (1).
To prove (1) implies (2) it is enough to show that if G = Gs1,s2m,n1,n2 then G/G
′ ∼=
Cpn1 × Cpn2 , |G
′| = pm, |bi| = p
oi with oi = m+ ni − si for i = 1, 2 and (p
o1 , po2)
is the maximum with respect of the lexicographical order in the set {(|c1|, |c2|) :
(c1, c2) ∈ G} where G is as in (1). The first is clear because the presentation of G
yields the following presentation of its abelianizer:
G/G′ ∼=
〈
b1, b2 : [b2, b1] = 1, bi
pni
= 1(i = 1, 2)
〉
∼= Cpn1 × Cpn2 .
Let A = 〈a〉 be a cyclic group of order pm and consider the map f : G/G′ → A
given by
f
(
b1
x1
b2
x2
, b1
y1
b2
y2
)
= ax2y1 .
A straightforward calculation shows that f is a well defined 2-cocycle and that
central extension of G/G′ by A associated to f is isomorphic to Gs1,s2m,n1,n2 . Thus
|G| = pm+n1+n2 and hence |G′| = pm. Now it is clear that |bi| = p
oi .
It remains to prove that (po1 , po2) is greater or equal than (|c1|, |c2|) with respect
to the lexicographical order for every (c1, c2) ∈ G. By means of contradiction let
(c1, c2) ∈ G with |cl| > |bl| for some l ∈ {1, 2} and if l = 2 then |c1| = |b1|. Clearly
|bi| = p
oi with oi = m + ni − si. Set a = [b2, b1] and fix integers 0 ≤ yi < p
m,
0 ≤ xi1 < p
n1 and 0 ≤ xi2 < p
n2 with
ci = a
yibxi11 b
xi2
2 (i = 1, 2).
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Observe that pn1−n2 | x21 because |c2| = p
n2 . Thus vp(x21) ≥ n1 − n2. Moreover,
as |cl| > |bl| = p
ol , we have
(2) 1 6= cp
ol
l = a
ylp
ol
· axl1xl2
p
ol (pol−1)
2 · bxl1p
ol
1 b
xl2p
ol
2 .
By (A1), we have sl ≤ nl and hence m ≤ ol. Thus a
ylp
ol = 1. Moreover, bxllp
ol
l =
bxl2p
o1
2 = 1 because o1 = m + n1 − s1 ≥ m + n2 − s2 = o2. Thus b
xl2p
ol
2 = 1.
Combining this with (2), we get
(3) a−xl1xl2
p
ol (pol−1)
2 6= bxl1p
ol
1 .
Suppose that bxl1p
ol
1 6= 1. Then l = 2 and m + n1 − s2 ≤ o2 + vp(x21) < o1 =
m+ n1− s1. Therefore s1 < s2 and hence the second alternative of (A4) holds, i.e.
that p = 2, m = n1 = n2 = s2 and o1 = m+ 1 and hence v2(x21) = 0. This proves
the following
(4) bxl1p
ol
1 =
{
a2
m−1
, if l = p = 2,m = n1 = n2 = s2 = s1 + 1 and 2 ∤ xl1;
1, otherwise.
On the other hand
(5) axl1xl2
p
ol (pol−1)
2 =
{
a2
m−1
if p = 2, nl = sl and 2 ∤ xl1xl2;
1, otherwise.
Therefore, if p 6= 2 or nl 6= sl, then c
pol
l = 1, a contradiction, with (2). Hence p = 2
and nl = sl, i.e. ol = m.
We claim that s1 < s2. This follows from (4) if b
xl1p
ol
1 6= 1. Otherwise
axl1xl2
2ol (2ol−1)
2 6= 1. Then, by (5), p = 2 and 2 ∤ xl1xl2 and nl = sl. As s1 < n1,
by (A3), necessarily l = 2 and as 0 ≤ n1 − n2 | v2(xl1) = 0, it follows that
s1 < n1 = n2 = s2, as desired.
Thus, by (A4), p = 2 and m = n1 = n2 = s2 = s1 + 1. Combining this with (3),
(4) and (5) we conclude that l = 2 and
a2
m−1x21x22 = a−x21x22
po2 (po2−1)
2 6= bx21p
o2
1 b
x22p
o2
2 = a
2m−1x21 .
Thus x21 is odd and x22 is even. As (c1, c2) ∈ G, necessarily x12 is odd. By
assumption |c1| = |b1| = 2
m+1. Therefore
1 6= c2
m
1 = a
x11x122
m−1(2m−1)+2m−1x11 = ax122
m
= 1
which is the desired contradiction. This finishes the proof of the proposition. 
Corollary 3. If (m,n1, n2, s1, s2) ∈ A then the exponent of G
s1,s2
m,n1,n2
is pm+n1−s1 .
Proof. As |b1| = p
m+n1−s1 we have to show that if x ∈ Gs1,s2m,n1,n2 then x
pm+n1−s1 = 1.
Let a = [b2, b1]. Then x = a
ibj1b
k
2 for integers 0 ≤ i < p
m, 0 ≤ j < pn1 and
0 ≤ k < pn2 . Therefore
xp
m+n1−s1
= aip
m+n1−s1+jk p
m+n1−s1 (pm+n1−s1−1)
2 bjp
m+n1−s1
1 b
kpm+n1−s1
2
= ajk
pm+n1−s1 (pm+n1−s1−1)
2 = 1
because, by (A2) and Proposition 2, we have |b2| = p
m+n2−s2 ≤ pm+n1−s1 = |b1|,
and, by (A3), either s1 < n1 or p 6= 2. 
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We are ready for the proof of the main result.
Proof of Theorem 1. As the result is known if G is abelian we may assume that G
and H are not abelian. From the assumption FpG ∼= FpH it follows that |G| = |H |,
G/G′ ∼= H/H ′ and Exp(G) = Exp(H) (see [War, Pas65, San85, Ku¨l82, San96].
Moreover, as G is 2-generated and of class two then so is H . Indeed, the latter is
proved in [BK07] and the former is a consequence of Propositions 1.14 and 1.15 in
[Seh78] combined with the Burnside Basis Theorem [Rob82, 5.3.2].
By Proposition 2, there are (m1, n1, n2, s1, s2), (m
′
1, n
′
1, n
′
2, s
′
1, s
′
2) ∈ A such that
G ∼= Gs1,s2m1,n1,n2 and H
∼= G
s′1,s
′
2
m′2,n
′
2,n
′
2
. Moreover, pm1+n1+n2 = |G| = |H | =
pm
′
1+n
′
1+n
′
2 , Cpn1 × Cpn2 ∼= G/G
′ ∼= H/H ′ ∼= C
p
n′
1
× C
p
n′
2
and as n1 ≥ n2 and
n′1 ≥ n
′
2 it follows that n1 = n
′
1, n2 = n
′
2 and m = m
′. Furthermore, by Corollary 3
we have pm1+n1−s1 = Exp(G) = Exp(H) = pm1+n1−s
′
1 , so that s1 = s
′
1.
It remains to prove that s2 = s
′
2. To this end we first compute the dimension
subgroups Mn(G) of G. Recall that if γi(G) denotes the i-th term of the minimal
central series of G and n is a positive integer thenMn(G) =
∏
ipj≥n γi(G)
pj . (Here,
Xu denotes the group generated by the elements of the form xu with x ∈ X , for
X ⊆ G and u a positive integer.) As G is of class 2, we have
(6) Mn(G) =


G, if n = 1;
G′p
k
Gp
k+1
=
〈
ap
k
, bp
k+1
1 , b
pk+1
2
〉
, if pk < n ≤ 2pk;
Gp
k+1
=
〈
ap
k+1
, bp
k+1
1 , b
pk+1
2
〉
, if 2pk < n ≤ pk+1.
In particular, if Mn(G)/Mn+1(G) 6= 1 then n is either p
k or 2pk for some non-
negative integer k.
Each quotient Mi(G)/Mi+1(G) is an elementary abelian p-group and, by [Jen41,
Theorems 3.6 and 5.5], [Mi(G) : Mi+1(G)] = [Mi(H) : Mi+1(H)] for every i ≥ 1.
Furthermore, if ∆(G) denotes the augmentation ideal of FpG and x1, . . . , xr is a
minimal generating set of Mi(G)/Mi+1(G) then (1+ x1)+∆(G)
i+1, . . . , (1+ xr) +
∆(G)i+1 is a basis of ∆(G)i/∆(G)i+1 as vector space over Fp.
For k ≥ 0 define dk by the following equality:
pdk = [M2pk(G) :M2pk+1(G)] = [M2pk(H) :M2pk+1(H)].
By (6) we have
pdk =


[〈
ap
k
, bp
k+1
1 , b
pk+1
2
〉
:
〈
ap
k+1
, bp
k+1
1 , b
pk+1
2
〉]
, if p 6= 2;
[〈
ap
k
, bp
k+1
1 , b
pk+1
2
〉
:
〈
ap
k+1
, bp
k+2
1 , b
pk+2
2
〉]
, if p = 2;
Suppose first that p 6= 2 and let u = min{i ≥ 1 : di = 0}. We claim that
u = s2. First observe that a
ps2 = bp
n2
2 ∈
〈
bp
s2+1
2
〉
for otherwise s2 ≥ n2, and as
s2 ≤ m ≤ n2, we have a
ps2 = 1. Therefore u ≤ s2. To prove equality we take i < s2
and we have to show that ap
i
6∈ M2pi+1(G). Otherwise, as 〈b1, b2〉 ∩ 〈a〉 =
〈
ap
s2
〉
,
we have ap
i
∈
〈
ap
i+1
, ap
s2
〉
=
〈
ap
i+1
〉
. This only holds if i ≥ m which is not the
case because i < s2 ≤ m. This proves the result for the case where p 6= 2 because
the same argument shows that u has to be also equal to s′2.
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In the remainder of the proof we assume that p = 2 and let u = min{i ≥ 1 :
di < 3}. We claim that u = min(n2 − 1, s1, s2). Firstly, as p = 2, we have s1 < n1,
by (A3), and therefore ap
s1
= bp
n1
1 ∈
〈
bp
s1+1
1
〉
. Thus ds1 < 3 and hence u ≤ s1.
Secondly, ap
s2
∈
〈
bp
n2+1
2
〉
, because if s2 < n2 then a
ps2 = bn22 ∈
〈
bp
s2+1
2
〉
, and
otherwise s2 = m = n2 so that a
ps2 = 1. Therefore ds2 < 3 and hence u ≤ s2.
Finally, if s2 < n2 then n2 − 1 ≥ m and hence a
pn2−1 = 1. Otherwise, i.e. if
s2 ≥ n2 then s2 = m = n2, so that b
n2
2 = a
ps2 = 1. Therefore dn2−1 < 3 and hence
u ≤ n2 − 1. This proves that u ≤ min(s1, s2, n2 − 1). To prove that the equality
holds we have to show that if 0 ≤ k < min(n2 − 1, s1, s2) then dk = 3. Indeed, let
1 ≤ k < min(n2 − 1, s1, s2) and let x, y, z be integers such that a
2kxb2
k+1y
1 b
2k+1z
2 ∈〈
a2
k+1
, b2
k+2
1 , b
2k+2
1
〉
. Then
a2
kxb2
k+1y
1 b
2k+1z
2 = a
2k+1x1b2
k+2y1
1 b
2k+2z1
2
for some integers x1, y1 and z1. Hence
b
2k+1(y−2y1)
1 b
2k+1(z−2z1)
2 ∈ 〈a〉
and therefore 2n1 | 2k+1(y − 2y1) and 2
n2 | 2k+1(z − 2z1). As k + 1 < n2 ≤ n1 it
follows that y and z are even. Furthermore
a2
k(2x1−x) = b2
n1α
1 b
2n2β
2 = a
αs1+βs2
for some integers α and β. As k < min(s1, s2) ≤ m it follows that x is even too.
This shows that the elements of the form a2
kxb2
k+1y
1 b
2k+1z
2 with 0 ≤ x, y, z ≤ 1 are
all different and therefore 2dk = |M2k(G)/M2k+1(G)| = 8, i.e. dk = 3, as desired.
This finishes the proof of the claim.
Of course the same argument shows that u = min(n2 − 1, s1, s
′
2).
So we have u = min(n2 − 1, s1, s2) = min(n2 − 1, s1, s
′
2). If s2 < min(n2 −
1, s1) then s2 = u = min(n2 − 1, s1, s
′
2) = s
′
2. Similarly, if s
′
2 < min(n2 − 1, s1)
then s2 = s
′
2. Thus we may assume that min(n2 − 1, s1) ≤ s2 < s
′
2. We claim
that n2 − 1 ≤ s1. Otherwise s1 < s
′
2 and hence by condition (A4), applied to
(m,n1, n2, s1, s
′
2), we deduce that n2 = s1 + 1, so that n2 − 1 ≤ s1, as desired.
Therefore u = n2 − 1 ≤ s2 < s
′
2 ≤ m ≤ n2, by condition (A1), so that
s′2 = m = n2 and u = s2 = m− 1 ≤ s1 ≤ m.
We now use an argument from [Pas65] (see also [Jen41]) which eventually will
yield a contradiction with the previous equalities. Let ∆ = ∆(G) and for each i ≥ 1
consider the natural map fi : ∆
2i−1/∆2
i−1+1 → ∆2
i
/∆2
i+1 given by fi(x) = x
2.
One defines similarly maps gi : ∆
2i−1
1 /∆
2i−1+1
1 → ∆
2i
1 /∆
2i+1
1 where ∆1 = ∆(H).
The isomorphism F2G ∼= F2H implies that the sets
Xi,G = {x ∈ ∆/∆
2 : fifi−1 . . . f1(x) = 0}
and
Xi,H = {x ∈ ∆/∆
2 : gigi−1 . . . g1(x) = 0}
have the same cardinality.
Observe that {1 + b1 + ∆
2, 1 + b2 + ∆
2} is a basis of ∆/∆2 and {1 + a2
i−1
+
∆2
i+1, 1 + b2
i
1 +∆
2i+1, 1 + b2
i
2 +∆
2i+1} generates ∆2
i
/∆2
i+1, as vector space over
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F2, for every i ≥ 1. Using the formula
(x − 1)(y − 1) ≡ (y − 1)(x− 1) + ((x, y)− 1) mod ∆i+j+1
whenever x− 1 ∈ ∆i and y − 1 ∈ ∆j , we deduce that if α1, α2 ∈ F2 then
(α1(1 + b1) + α2(1 + b2))
2 ≡ α1(1 + b1)
2 + α2(1 + b2)
2 + α1α2(1 + a) mod ∆
3.
Thus 1 + a ∈ ∆2 and hence 1 + a4 = 1 + (b22, b
2
1) ∈ ∆
8. Therefore
(α1(1 + b1) + α2(1 + b2))
4 ≡ α1(1 + b
4
1) + α2(1 + b
4
2) + α1α2(1 + a
2) mod ∆5.
More generally, for every i ≥ 1 we have
(α1(1+b1)+α2(1+b2))
2i ≡ α1(1+b
2i
1 )+α2(1+b
2i
2 )+α1α2(1+a
2i−1) mod ∆2
i+1.
Suppose first that s1 = m−1. As s1 < s
′
2, applying condition (A4) to (m,n1, n2, s1, s
′
2)
it follows that m = n1. Then
fmfm−1 · · · f1(α1(1 + b1) + α2(1 + b2))
= α1(1 + a
2s1 ) + α2(1 + a
2s2 ) + α1α2(1 + a
2m−1)
= (α1 + α2 + α1α2)(1 + a
2m−1)
and
gmgm−1 · · · g1(α1(1 + b1) + α2(1 + b2))
= α1(1 + a
2s1 ) + α2(1 + a
2s
′
2 ) + α1α2(1 + a
2m−1)
= α1(1 + α2)(1 + a
2m−1)
Therefore Xm,G = {(0, 0)} while Xm,H = {(0, 0), (0, 1), (1, 1)}, a contradiction.
Suppose now that s1 = m. Then m < n1 by condition (A3). Then
fmfm−1 · · · f1(α1(1 + b1) + α2(1 + b2))
= α1(1 + b
2m
1 ) + α2(1 + a
2s2 ) + α1α2(1 + a
2m−1)
= α1(1 + b
2m
1 ) + α2(1 + α1)(1 + a
2m−1)
and
gmgm−1 · · · g1(α1(1 + b1) + α2(1 + b2))
= α1(1 + b
2m
1 ) + α2(1 + a
2s
′
2 ) + α1α2(1 + a
2m−1)
= α1(1 + b
2m
1 ) + α1α2(1 + a
2m−1)
Hence Xm,G = {(0, 0)} while Xm,H = {(0, 0), (0, 1)}, again a contradiction. This
finishes the proof of Theorem 1. 
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